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ABSTRACT 

A gN, s t e l l a r  model of po?u la t ion  I i n i t i a l  c o m p o s i t i o n  

(XH - 0.708, 2 I: 0 . 0 2 )  is e v o l v e d  from the main-sequence t o  the 

stage o f  h e l i u m - e x h a u s t i o n  i n  the c o r e ,  Comparison is made w i t h  

the e v o l u t i o n  of  the 3X0 and 5Mg models  described i n  p r e c e d i n g  

p a p e r s  of t h i s  series. R e l a t i v e  l i f e t i m e s  f o r  a o r r e s p o n d i n g  

e v o l u t i o n a r y  phases and  chang  i n  e v o l u t i o n a r y  Fatfis i n  the H-R 

d i a E r a m  are f o u n d  t o  vary i n  c o n s i s t e n t  way w i t h  increaS: tng 

s t e l l a r  m a s s .  T h e  phase of rap id  e n v e l o p e  c o n t r a c t i o n  a s s o c i a t e d  

w i t h  the d i s a p p e a r a n c e  of enve lope  c o n v e c t i o n  has much g rea t e r  

o b s e r v a t i o n a l  c o n s e q u e n c e s  i n  t h e  gPlo case than i n  the 5M0 case. 

Passage t h r o u g h  the Cepheid s t r i p  o c c u r s  o n l y  once d u r i n g  c o r e  

h e l i u m - b u r n i n g  a n d  t h e n  on  a Kelvin-Helmholtz  time-scale. The o o r e  

he l ium-burn ing  phase is brolc n i n t o  two q u i t e  d i s t i n c t  phases, the 

s e a o n d  phase  o c c u r s n g  a t  muc h i g h e r  s u r f a c e  temperatpares t h a n  i n  

the 5M0 case, 
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I, PRELIMIsAIiY REMARKS 

The d i s c u s s i o n  o f  9Nr, e v o l u t i o n  i s  based on 665 models  carried 

f r o m  the main sequence  t o  the phase of h e l i u m  e x h a u s t i o n  i n  the 

s t e l l a r  c o r e .  Changes i n  i n i t i a l  c o m p o s i t i o n  characterist ics d u r i n g  1 

pre-main-sequence e v o l u t i o n  are d e s c r i b e d  i n  P a p e r  I ( I b e n  1 9 6 5 a ) ,  

The method of s o l u t i o n ,  the opacity, the e q u a t i o n  o f  s t a t e ,  the 

an{ the energy g e n e r a t i o n  1qws employed t r e a t m e n t  of  c o n v e c t i o n ,  

a re  the same as i n  Papers I and I1 ( I b e n  1965a, b). 

I 

I 

Sincei=gYa 

e v o l u t i o n  i s  q u a l i t a t i v e l y  q u i t e  s i m i l a r  t o  the e v o l u t i o n  of the 

3Me and  5X0 stars described i n  P a p e r s  I1 a n d  I11 (Iben J g G S G ) ,  

e m p h a s i s  is p l a c e d  p r imar i ly  o n  a p r e s e n t a t i o n  r a t h e r  than on  

a n  i n t e r p r e t a t i o n  of the c a l c u l a t i o n a l  r e s u l t s ,  

- 
t 



The path i n  the H e r t z s p r u n g - R u s s e l l  diagram of the 9&lo star 

is g i v e n  i n  F i g u r e  1. Times t o  r e a c h  labled p o i n t s  may be found 

i n  T a b l e  1 i n  u n i t s  of 10 7 year. The v a r i a t i o n  w i t h  t i m e  o f  s e v e r a l  

i n t e r x a l  and o b s e r v a b l e  charac te r i s t ics  is g i v e n  i n  F igu res  2 and 3 

f o r  a l l  e v o l u t i o n a r y  phases a n d  a l s o  i n  F i g u r e  7 f o r  a s h o r t e r  

p e r i o d  of rapid e v o l u t i o n a r y  changes, 

I n  columns 4 a n d  5 of  T a b l e  2 are t h e  a b s o l u t e  and  r d a t i v e  

t i m e  i n t e r v a l s  s p e n t  by the  9Xo star i n  each o f  several phases. 

C o r r e s p o n d i n g  t i m e  i n t e r v a l s  f o r  5M0 e v o l u t i o n  are g i v e n  i n  columns 

2 and 3 o f  T a b l e  2. 

It is e v i d e n t  that ,  as s te l lar  m a s s  i s  i n c r e a s e d ,  l e s s  t i m e  

i s  s p e n t  i n  e v e r y  phase f o l l o w i n g  the deve lopmen t  of  the hydrogen-  

b u r n i n g  she l l  r e l a t i v e  t o  t ime  s p e n t  n e a r  the main sequence  d u r i n g  

c o r e  hydrogen-burn ing .  F u r t h e r ,  w i t h  i n c r e a s i n g  s t e l l a r  m a s s ,  the  

d e s c e n t  f r o m  the red g i a n t  t i p  o c c u p i e s  a s m a l l e r  f r a c t i o n  of the 

t o  t a1 c o r e  he  1 ium- b u r n i n g  1 i f  e - t ime . 
A f t e r  t h e  d e s c e n t  from the red g i a n t  t i p ,  the phase  of rapid 

e n v e l o p e  c o n t r a a t i o n  a s s o c i a t e d  w i t h  the  d i s a p n e a r a n c e  of e n v e l o p e  

c o n v e c t i o n  breaks t h e  p e r i o d  of c o r e  h e l i u m - b u r n i n g  i n t o  two q u i t e  

d i s t i n c t  phases ( see  curve. .  R v s  t i n  F i g u r e  3, a n d  curves  l o g ( L )  

v s  t and  l o g ( T e )  vs t in F i g u r e  2). This b r e a k  i s  n o t  e v i d e n t  i n  

3M0 eVOlUtiOn and becomes j u s t  d i s c e r n a b l e  i n  5M e v o l u t i o n ,  
0 
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111, FRO35 .THE X A I 3  SEQUENCE T O  TIB 

FORXATION OF THE HYDROGEN-BURXIXG SIiELL 

The v a r i a t i o n  w i t h  m a s s  f r a c t i o n  o f  s ta te  and c o i n p o s i t i o n  

variables w i t h i n  the star s h o r t l y  af ter  r e a c h i n g  the  main s e q u e n c e  

( t  - 4.08470 x lo7,,) i s  shown i n  F i g u r e  4, As i s  t o  be e x p e c t e d ,  

the c o n v e c t i v e  c o r e  i s  much l a r g e r  t h a n  i n  the 3X0 

a t  comparab le  stages, 

the c o r e  and i n  loca l  e q u i l i b r i u m  for a s h o r t  d i s t a n c e  beyond the 

and  52-1, stars 

C 1 2  and  He3 are i n  a v e r a g e  e q u i l i b r i u m  i n  
i.. 

c o r e ,  

14  I n  the core,  0l6 i s  b e i n g  c o n v e r t e d  s l o w l y  i n t o  N , From 

F i g u r e s  2 and 3 ( c u r v e s  f c ,  Tc, and  X,,, vs t ) ,  i t  i s  e v i d e n t  t h a t ,  

j u s t  a s  in the  3X, and  5M0 c a s e s ,  c e n t r a l  d e n s i t y  and  t e m p e r a t u r e  

d r o p  d u r i n g  the e a r l y  e v o l u t i o n  from the  main sequence  as a r e s u l t  

of t he  i n c r e a s e  i n  c o r e  N abundance, 14 

The p e r i o d  of o v e r a l l  c o n t r a c t i o n  b e g i n s  n e a r  t = 2,129 x 1 0 7 y r ,  

when the c e n t r a l  hydrogen  abundance has been r e d u c e d  t o  Xx = 0.04, 

The v a r i a t i o n  w i t h  t i m e  o f  p e r t i n e n t  s t e l l a r  c h a r a c t e r i s t i c s  

I 

toward  t h e  end of the c o n t r a c t i v e  phase is  shown i n  F i g u r e  7 ,  As 

- hydrogen  is e f f e c t i v e l y  e x h a u s t e d  i n  c e n t r a l  r e g i o n s ,  the f r a c t i o n a l  

decrease i n  the r a t e  of n u c l e a r  energy p r o d u c t i o n  is  grea te r  i n  the 

924, s t a r  t h a n  i n  the 5M 

and i n  F i g u r p  7 of P a p e r  111), This i s  a consequence  of the much 

s t a r  ( s e e  c u r v e s  l o g ( L n )  vs t in F i g u r e  7 
0 

3 

l a r g e r  r e g i o n  i n  t h e  9M0 star o v e r  w h i c h  the o o r e  s o u r c e  of n u o l e a r  

e n e r g y  decreases r a p i d l y ,  Tho mass f r a c t i o n  i n  the c o n v e c t i v e  c o r e  

4 
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of the  9 M o  star decreases s l o w l y  from M 

s e q u e n c e  t o  M - 0.12, b e f o r e  r e t r e a t i n g  r a p i d l y  d u r i n g  the phases 

of g r a v i t a t i o n a l  c o n t r a c t i o n  and  shell development .  The c o n v e c t i v e  

c o r e  i n  the  5M0 star d e c t e a s e s  f rom Mcc * 0.22 t o  XCc - 0.08  over . 

the c o r r e s p o n d i n g  i n t e r v a l .  

N 0.30 n e a r  the m a i n  cc 

cc 

D u r i n g  the p e r i o d  of shell development ,  t I 2.189 x 107yr to 

t - 2.191 x 107yr ,  t h e  outward  ene rgy  f l u x  becomes so l a rge  tha t  

m a t t e r  i n  two r e g i o n s  be tween t h e  s h e l l  a n d  the s u r f a c e  becomes u n s t a b l  

a g a i n s t  c o n v e c t l o n .  

where the  c o n t r a c t i o n  r a t e  a n d  f l u x  i n c r e a s e  i n  the v i c i n i t y  of 

the d e v e l o p i n g  s h e l l  a+.c less pronounced. The v a r i a t i o n  w i t h  t i m e  

This d o e s  n o t  o c c u r  i n  the  3N0 and 3~Io,stars,  

of the i n n e r  and  o u t e r  b o u n d a r i e s  of the larger  of t h e  two c o n v e c t i v e  

l a y e r s  i s  g i v e n  by the c u r v e s  lab led  X and X i n  s i g u r e  7. C I  co 
The d i s t r i b u t i o n  o f  s t a t e  and  c o m p o s i t i o n  var iables  w i t h i n  

the  s tar  a t  t = 2.19029 x 107yr ,  j u s t  b e f o r e  the maJor  c o n v e c t i v e  

l a y e r  reaches i t s  maximum s i z e ,  is e x h i b i t e d  i n  F i g u r e s  5 a n d  6 .  

The c e n t r a l  hydrogen  abundance is XH - 2.77 x l o o 7  and the n u c l e a r  

e n e r g y  p r o d u c t i o n  r a t e  a t  the  c e n t e r  is 9.252 x loo3 t i m e s  the ra te  

of re lease of g r a v i t a t i o n a l  and thermal energy .  Most of the  e n e r g y  

p roduced  i n  the r e g i o n  between the  s t e l l a r  c e n t e r  and  the s h e l l  

comes f r o m  the g r a v i t a t i o n a l  f i e l d  (L /v1650L0).  The she l l  i t s e l f  

re leases  e n e r g y  a t  the ra te  LH - 92j0L0. 
e x p a n d i n g  e n v e l o p e  is c o n s i d e r a b l e ,  o c c u r i n g  a t  a r a t e  Labs N 1780~~. 

X a t t e r  i n t e f i o r  t o  mass f r a c t i o n  0.306 i s  moving inward  a n d  m a t t e r  

beyond i s  moving outward.  I n w a r d s  of mass f r a c t i o n  0.188, d e n s i t y  

is i n c r e a s i n g .  Beyond t h i s  mass f r a c t i o n ,  d e n s i t y  i s  d8CreaSing .  

/ 

g 
Energy a b s o r b e d  i n  the 
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Between mass f r a c t i o n  0.016 and 0.413, t e m p e r a t u r e s  are r i s i n g ;  

elsewhere t h e y  are dropp ing .  

The two c o n v e c t i v e  r e g i a n s  a r e  d i s t i n g u i s h e d  by the d i s c o n t i n u i t i e :  

i n  the abundance d i s t r i b u t i o n s  i n  F i g u r e  6. They o c c u r  be tween 

m a s s  f r a c t i o n s  0.2059 and O.SSk6 and mass f r a c t i o n s  0.3227 and 

0.3337, respect ively.  The larger c o n v e c t i v e  layer,  t h r o u g h  which 

e n e r g y  f l u x  is s t i l l  i n c r e a s i n g ,  has n o t  y e t  reached i t s  maximum 

s i z e  and the smaller l aye r ,  through which e n e r g y  flux is d e c r e a s i n g ,  

has begun t o  d i m i n i s h  i n  s i z e .  i.* 

The o c c u r r e n c e  of two c o n v e c t i v e  l a y e r s  may be t h e  r e s u l t  

o f  a c o a r s e  t r e a t m e n t  o f  c o n v e c t i o n ,  w h i c h  i g n o r e s  the p o s s i b i l i t y  

o f  semi-conveot ion .  It is p o s s i b l e  t ha t  o n l y  one t r u e l y - c o n v e c t i v e  

l a y e r  w i l l  appear d u r i n g  the p e r i o d  of  s h e l l  deve lopment  i n  a rea l  

9No star.  

The r e d i s t r i b u t i o n  of N1‘ brough t  a b o u t  by c o n v e c t i o n  o u t s i d e  

the s h e l l  has t h e  e f f e c t  of enhanc ing  the i n c r e a s e  i n  the  s u r f a c e  

r a t i o  of d4 t o  C 1 2  a c h i e v e d  n e a r  t h e  red g i a n t  t i p .  

f rom the  c o n v e r s i o n  of ,I6, is c o n v e c t e d  f r o m  its p l a c e  of o r i g i n  

t o  l a r g e r  m a s s  f r a c t i o n s ,  whore temperatures  are t o o  low for t h i s  

c o n v e r s i o n  t o  o c c u r  d i r e c t l y .  

N14, o r i g i n a t i n g  

D u r i n g  the c o r e  hydrogen-burn ing  phase, the c o n v e r s i o n  of 

12 14 b o t h  0l6 and  C 

f r a c t i o n s  t h a n  i n  3M0 and  5M0 stars. 

t r a n s i t i o n  i a y e r  ( w h e r e  one-half of the o r i g i o n a l  C12 has been  

i n t o  hT has e x t e n d e d  o v e r  l a r g e r  i n t e r i o r  m a s s  

The c e n t e r  of the C12 + N 14 

c o n v e r t e d  i n t o  X14) is l o c a t e d  a t  m a s s  f r a c t i o n  0.506 (see X12 i n  

6 



F i g u r e  6 ) .  This i s  to be cornoared with mass f r a c t i o n s  of 0,445 

and 0.466 f o u n d  i n  the 3W, and 5>1, c a s e s ,  r e s p e c t i v e l y ,  a t  t h e  s a n e  

s t a g e  of e v o l u t i o n .  The d e p l e t i o n  of L i  h a s  n o t  been c a l c u l a t e d ,  . 

The t e m p e r a t u r e  gradient shown i n  F i g u r e  5 ,  between t h e  s t e l l a r  

o e n t e r  and the base of t h e  developing s h e l l ,  is s t e e p e r  t h a n  in the 

3 M 0  a n d  5Ms s t a r s  a t  t h e  same s t a g e .  This i s  partly L ue to t h e  
I 

h i g h e r  t e m p e r a t u r e s  and lower d e n s i t i e s  i n  the gM, a a s e  ( d e g e n e r a c y  

and e l e c t r o n  c o n d u c t i o n  p l a y  a l e s s  i m p o r t a n t  r o l e )  and p a r t l y  due  

t o t h e  f a c t  t h a t  the r a t e  a t  whiah g r a v i t a t i o n a l  e n e r g y  is r e l e a s e d  

i n  t h e  c o r e  remains h i g h e r ,  

hydrogen-dep le t ed  oore does n o t  even approaoh  i s o t h e r m a l  oonditions. 

I 

Cont ra ry  t o  t h e  33i8 and 5;Y0 ij'ises, t h o  

A f t e r  o n l y  a b r i e f  d r o p  during the shell development  s t a g e ,  c e n t r a l  

t e m p e r a t u r e  b e g i n s  to r i s e  again (see log(To) vs t i n  Figure  7).  

-- 

7 
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IV. TO TEE 2SD G I A X T  TI?  

The f o r m a t i o n  of t h e  hydrogen-burn ing  she11 is e s s e n t i a l l y  

7 c o m p l e t e  when t - 2.191 x 1 0  yr .  D u r i n g  the e n t i r e  per iod  of 

hydrogen-burn ing  i n  a t h i c k  shell ( n o i n t s  4’ t o  6 i n  F i g u r e  1). 

a b s o r p t i o n  i n  the expand in% enve lope  remains c o n s i d e r a b l e  (see 

log(L) vs t and l o g  (L,) vs t i n  F i g u r e  7) .  D u r i n g  t h i s  phase 

i n  the 3M0 and 535 s t a r s ,  enve lope  a b s o r p t i o n  r e m a i n s  much s m a l l e r  
L... r e l a t i v e  t o  n u c l e a r  e n e r g y  p r o d u c t i o n .  

Tho c o n v e r s i o n  of  NI4 i n t o  o c c u r s  a t  an  e a r l i e r  p o i n t  i n  

the e v o l u t i o n a r y  path ( i n  t h e  H-R diagram) of  t h e  5M0 star t h a n  if O C C U :  

i n  the path of t h e  331, s ta r .  

reach s u f f i c i e n t l y  high values to fire t h e  N 1 4 ( d , ) )  F1*(P+.V)O 

r e a c t i o n s  s h o r t l y  a f t e r  t he  t e r m i n a t i o n  of t h i ck  s h e l l  b u r n i n g  

( J u s t  b e f o r e  p o i n t  7 i n  F i g u r e  1, t N 2.24 x lo7,,). 

C e n t r a l  t e m 9 e r a t u r e s  i n  the 9W, star  
18 

14 18 Core e n e r g y  p r o d u c t i o n  by tho X -543 r e a c t i o n s  is l a r g e  

enough t o  f o r c e  c o n v e c t i o n  n e a r  the c e n t e r  (see c u r v e s  Mcc vs t 

and X 

when t = 2.2091 x 10 y r ,  the c a n v e c t i v e  c o r e  o c c u p i e s  a mass f r a c t i o n  

of 0.0432. 

Vs t i n  F i g u r e  7 ) .  A t  i ts  maximum e x t e n t  d u r i n g  h’I4 d -bu rn in : ; ,  18 
7 

The c o n v e r s i o n  o f  core N I L  i n t o  ,I8 is e f f e c t i v e l y  

c o m p l e t e d  a t  t .I 2.2117 x 1 0 7 y r ,  where the c o r e  mass f r a c t i o n  is 

reduced t o  a r e l a t i v e  minimum of  0.0089, 

The t r i p l e  -d p r o c e s s  b e g i n s  i n  t h e  c o r e  even  b e f o r e  t h e  

14 c o m p l e t i o n  of N d - b u r n i n g  ( s e e  X12 i n  F i g u r e  7 ) .  

f o r  t h e  f a a t  t ha t  t h e  a o n v e c t i v e  a o r e  b e g i n s  t o  grow a g a i n  ( s t a r t i n g  

T h i s  a c c o u n t s  

8 
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between p o i n t s  8 and  9 i n  F i g u r e  1). Despi te  the d i f f e r e n c e  i n  

i n t e r i o r  b e h a v i o r ,  the e v o l u t i o n a r y  path of the 9>la s ta r  i n  the 

H-R diagram appears q u i t e  s i m i l a r  t o  the paths of t he  3>fo and 5M0 

stars, Ithen e n v e l o p e  c o n v e c t i o n  becomes i m p o r t a n t  ( n e a r  p o i n t  10 

i n  F i g u r e  l), the gMO star begins  to climb steeply toward the red 

g i a n t  t i p ,  regardless of the e x i s t e n c e  of a c o r e  n u c l e a r  e n e r g y  

s o u r c e .  

A f t e r  t h e  mass f r a c t i o n  in t h e  growing  c o n v e c t i v e  c o r e  e x c e e d s  
14 

0,0432, at t I 2,21392 x lO7yr ,  X i s  c o n v e c t e d  inward  from, r e g i o n s  

of high N abundance ( see  X vs t i n  F i g u r e  71, Core e n e r g y  

p r o d u c t i o n  rises s h a r p l y  a s  a r e s u l t  o f  renewed N1'd-burning i n  

t h o  core ( s e e  LHe/LH in Pigure  3 and log (Ln)  in r " i g U r t 3  7 ) ,  

which is now a t  higher t e m o e r a t u r e s  t h a n  d u r i n g  the f irst  phase . 

of d - b u r n i n g  i n  t he  core  (see l o g ( T c )  i n  F i g u r e  7) .  

L..* 

14 
18 

- 
The d i s t r i b u t i o n  o f  c h a r a c t e r i s t i c s  w i t h i n  t h e  s t a r  a t  

t - 2.21400 x 107yr ,  when e n e r e y  p r o d u c t i o n  i n  the  c o r e  by the 

h ' l4  + ,18 r e a c t i o n s  is n e a r  maximum, is shown i n  F i g u r e  8. 

e x t r e m e l y  large r a t e  of  n u c l e a r  ene rgy  DrOdUCtiOn i n  the c o r e ,  

Lxe - 24663 Lo, i s  a l m o s t  c o m n l e t e l y  b l a n k e t e d  by a b s o r p t i o n  i n  

the e x p a n d i n g  c o r e  and  most  of t h e  e n e r g y  l e a v i n g  the s t e l l a r  

The 

. s u r f a c e ,  L 
S 

s h e l l ,  L - 
H 

expand ing ,  

= 9427 La, i s  s t i l l  s u p p l i e d  by the hydrogen-burn ing  

9733 Le. Matter t h r o u z h o u t  the star is c o o l i n g  a n d  

A s  a r e s u l t  o f  co re - induced  e x p a n s i o n ,  e n e r g y  p r o d u c t i o n  

i n  the she l l  decreases and ( s t a r t i n g  a t  p o i n t  11 i n  F i g u r e  1, 

t n 2,21412 x 1 0  7 yr) t he  star d e s c e n d s  r a p i d l y  i n  the H-R diagram 

9 



u n t i l  i s  again r e d u c e d  t o  nominal  values i n  the  c o r e .  It t h e n  
I 

I b e g i n s  ( a t  p o i n t  12 i n  Figure 1, t = 2.21524 x 107yr) a relat ively 
1 

I 

I g r a d u a l  r e a s c e n t  toward  t h e  red g i a n t  t i p ,  which i t  reaches whon 

t - 2.22014 x 107yr ( p o i n t  13 i n  F i g u r e  1). 
I 

On r e a c h i n g  the red g i a n t  t i p  for the s e c o n d  t i m e ,  convection 
I 
~ 

i n  t he  e n v e l o p e  covers the  o u t e r  76.5 per c e n t  o f  the star's 

m a s s .  

main sequence  r a t i o  of 0 , 3 3 3 .  This inc rease  by a f a c t o r  of 3.81 

i s  to be compared w i t h  i n c r e a s e s  by f a c t o r s  of 3.26 and 2.65. i n  

the 3>$, and 5X, stars, r e s p e c t i v e l y .  

t h e  $3Xo for several r e a s o n s .  

larger  f r a c t f o n  of the i n t e r i o r  d u r i n g  t he  phase  of c o r e  hydrogen-  I 

burning, and,  a t  i t s  maximum e x t e n t ,  the  c o n v e c t i v e  e n v e l o n e  

r e a c h e s  m a t t e r  which has been e n r i c h e d  with x' o r i g i n a t i n g  from 

t h e  O"P,]) Fl7(!+u) O l 7 ( 1 , d )  E'' r e a c t i o n s .  T h i s  e n r i c h m e n t  

has o c c u r r e d  both d u r i n g  the  m a i n  sequence nhase (by d i r e c t  conversion) 

I 
I 

12 The surface r a t i o s o f  El4 to C is 1.27, compared to the 
I 
I 

I 
l 

1.. . I 

The i n c r e a s e  is l a rges t  i n  
I i 

14 C1* is c o n v e r t e d  i n t o  N over a 
I 

I 

14 I 

I 
l a n d  d u r i n g  the shell deve lopmen t  stage (by c o n v e c t i o n  from r e g i o n s  

closer t o  the c e n t e r ) .  I 

i 
* 
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The d e s c e n t  f rom fhe ,eL g i a n t  t i p  d u r i n g  t r i p l e - a  b u r n i n g  

i n  the c o r e  ( f rom p o i n t s  1 3  to 15 i n  F i g u r e  1) r e q u i r e s  4.727 X 

10 5 yr .  A s  i n  the 3N0 and the 51~!.!, stars, the ra te  of e n e r g y  pro-  

d u c t i o n  i n  the hydrogen-burn ing  s h e l l  d e c r e a s e s  d u r i n g  the d e s c e n t  

( see  the  c u r v e  LE v e r s u s  t i n  F i g u r e  3). A f t e r  reaching the r e l a=  

t i v e  minimum i n  1uminosit;r a2 p o i n t  15, t h e  m a s s  f r a c t i o n  i n  sub-  
1. . 

p h o t o s p h e r i c  c o n v e c t i o n  d e c r e a s e s  r a p i d l y  t o  s m a l l  v a l u e s  (see aX CE 
v e r s u s  t i n  F i g u r e  7 ) .  A t  t h e  p o i n t  13' (t E 2.27231 x 107yr) the  

m a s s  f r a c t i o n  i n  the s u b p h o t o s p h e r i c  c o n v e c t i v e  l a y e r  i s  0.015 and  

a t  the p o s i t i o n  labled CV ( t  = 2.2728k) s u b p h o t o s p h e r i c  c o n v e c t i o n  

c o v e r s  a m a s s  f r a c t i o n  o f  o n l y  0.001. 

The s t e l l a r  e n v e l o p e  unde rgoes  a n  e x t r e m e l y  rapid c o n t r a c t i o n ,  

s t e l l a r  r a d i u s  d e c r e a s i n g  f rom 160 Rg t o  50 Ro i n  o n l y  3150 years 

( see  the c u r v e  o f  s t e l l a r  r a d i u s  2 v e r s u s  t i n  F i g u r e  7) .  The star 

t r a v e r s e s  the p a t h  i n  F i g u r e  1 between 15' and 1 7  i n  o n l y  4.86 x 1 0  J 
4 

Between the p o i n t s  15' and 16,  t h e  i n c r e a s e ' i n  l u m i n o s i t y  is 

s u p p l i e d  i n  par t  by an  i n c r e a s e  i n  t h e  r a t e  of s h e l l  e n e r g y  p r o d u c t i o  

and  i n  p a r t  by the r e l e a s e  of g r a v i t a t i o n a l  e n e r g y  f rom the c o n t r a c t 3  

e n v e l o p e  ( s e e  l o g  L versus t and log Ln v e r s u s  t i n  F i g u r e  7 a n d  

LH v e r s u s  t i n  F i g u r e  3) .  

and 1 7  i n , F i g u r e  1 i s  d u e  t o  a d e c r e a s e  in the  r a t e  o f  e n v e l o p e  con-  

t r a c t i o n  as a new e q u i l i b r i u m  between n3c lear  e n e r g y  p r o d u c t i o n  and 

e n e r g y  t r a n s f e r  t h r o u g h  t h e  a l m o s t  c o m p l e t e l y  rad ia t ive  e n v e l o p e  

b e g i n s  t o  be establ-ished. 

The d r o p  i n  l u m i n o s i t y  be tween p o i n t s  16 

C o n d i t i o n s  i n  t he  star a t  t I 2.27310 x 1 0  7 y r ,  when e n v e l o p e  

c o n t r a c t i o n  p r o c e e d s  a t  n e a r  maximum ra te .  are  i l l u s t r a t e d  in 



1 2  
F i g u r e  9. Energy p r o d u c t i o n  -2 t h e  c 3 r e  by t h e  3 d - C  and t h e  

C12(d,])016 p r o c e s s  e% o c c u r s  z :, c. r a t e  of  Lye N 1413L0, %he 
A 

hydrogen-burn ing  she l l  c o n t r :  - 

g r a v i t a t i o n a l  e n e r g y  i s  re le ,  .cc: :'ran the envelone a t  the r a t e  

of L e 
and  X 

a t  the  ra te  of dRS = 1-82 x 1 3 - & 3 , / y r  E 0.282cm/sec. 

t e m p e r a t u r e  i s  i n c r e a s i n g  at 

c s  at the  r a t e  o f  ~“7672Lo a n d  

2041L0. 

E 0,0122. 

Central abur i tazcos  i n c l u d e  X 4  P 0.860, X12 - 0.0969, 
The stell?:- zadius i s  108.94R0 and  is decreas ing  

3 
16 

S u r f a c e  
W 

d r  dt 
: L 2  o f  -e = 0.365°K/yr. 

- -vc i t iona l  Cepheid s t r ip  onAy o n c e  
d t- 

Tho 9Ji, star c r o s s e s  t h L  ~ 

L. 

d u r i n z  c o r e  he l ium-burning .  - _ *  e.ie o b s e r v a t i o n a l  s t r i p  i s  c h o s e n  

as a l i n e a r  e x t e n s i o n  o f  the s t r i ?  d e f i n e d  i n  F i g u r e  1 o f  P a p e r  111, 

t h i s  c r o s s i n g  o c c u r s  between :og(Te) = 3.701 and  l o g  (To) - 3.720 

and r e q u i r e s  o n l y  1330yr .  TCc qassage  t h r o u g h  the Cepheid s t r i n ,  

which o c c u r s  a s  the  star m o v e s  f r c i m  l o g  (Te) = 3.728 to log (T,) 

- 3.709 ( i n  the r e g i o n  betwei. :  ~ o i n t s  9 and 1 0  i n  Figure l), r e q u i r e s  

1010yr .  Thus, b o t h  c r o s s i n g s  o c c u r  on a Kelvin-Helmhol tz  time-scale, 

On r e a c h i n g  p o i n t  18 i n  F i g u r e  1 (t P 2.31199 x 10 7 y r ) ,  the  

hydrogen-burn ing  shel l  b e g i n s  t o  e n t e r  t h e  r e g i o n  d e f i n i n g  t h e  

base o f  the s h o r t - l i v e d  c o n v e c t i v e  l a y e r ,  w h i c h  w a s  formed d u r i n g  

the she l l  deve lopment  stage. The a b r u p t  r ise  i n  hydrogen  abundance  

i n  the  s h e l l  a c c o u n t s  f o r  the  change i n .  the n a t u ’ r e  o f  the path i n  

the H-R diagram a f t e r  p o i n t  18. Katter f rom the  she l l  t o  t h e  

s u r f a c e  expands  and  the  ra te  a t  which shell s t r e n g t h  i n c r e a s e s  

d r o p s  s h a r p l y .  ( see  R vs t and L vs t i n  F i g u r e  3).  H 
When t I 2,49042 x 10 7 y r  ( a p r o x i m a t e l y  midway be tween p o i n t s  

18 and  18’  i n  F i g u r e  1). t he  enve lope  a g a i n  beg ins  t o  c o n t r a c t  

12 



s l o w l y ,  a n d ,  a f t e r  p o i n t  c v o i u t i o n  i s  q u i t e  s i m i l a r  t o  3X0 

and 53: e v o l u t i o n  a t  corn? --:.;I? stagas, 
0 

I n  F i g u r e  10  are s h c  . ; s n d i t i o n s  i n  the l a s t  model com?uted. 

From t h e  d i s t r i b u t i o n  - o f  .=:. ,osi';fon charac te r i s t ics ,  i t  i s  e v i d e n t  

t h a t  the  l a s t  vestiges o f  tkz c o n v e c t i v e  l aye r s  formed d u r i n g  the  

hydrogen  shel l -developmoz;  ztage have been removed. The rate of 

n u c l e a r  e n e r g y  g e n e r a t i o n  az -,he c e n t e r ,  where Xb = 2.53 x loo3, 

i s  0.6216 tines as l a r g c  I ;-ate o f  g r a v i t a t i o n a l  energy r e l e a  

The b u l k  of  the  e n e r g y  p. <. -. x t w e e n  the c e n t e r  and the newly 

developed hel iurn=burning  5!2cIi (Lcore 

the g r a v i t a t i o n a l  f i e l d .  The e n e r g y  p r o d u c t i o n  rates of the ho l ium-  

and  hydrogen-burn ing  she l l s  a r e  L fi  9010L0 and L 6 3 8 0 L ~ .  

respec t l ve ly .  

-~ 
I.*. 

1775L0) is c o n t r i b u t e d  by 

He H 

2(  
A s m a l l  error has bean coininitted by n e g l e c t i n g  the Ol6(&,] )Xe 

12 I t  
r e a c t i o n .  A t  the o e n t e r  ;C t h a  last n o d e l  computed,  the C and 0 

-4 abundance5  a t  t he  c e n t e r  are XI2 = 1.63 x 10 

Using  the maximum o f f - r e s o n a n t  r a t e  f o r  the 01G(Y,))Xe20 r e a c t i o n  

and x 0.965. 16 

g iven  by Fowler  and Hoyle (1364) ,  one f i n d s  t h a t ,  a t  the s t e l l a r  

c e n t e r ,  o n l y  one 

r e a c t i o n  for e v e r y  e ight  which are d e s t r o y e d  by the C1*(d,?)O 

r e a u t i o n .  S i n c e  a v e r a g e  c o r e  temmratures have been much l o w o r  

and  C 1 2  abundance i n  the core has been v e r y  much higher d u r i n g  

the e v o l u t i o n  preceding the last model, the  n e g l e c t  of  the 

0l6 9 &-e2' c o n v e r s i o n  has n o t  been a t  a l l  s e r i o u s .  

20 
d - p a r t i c l e  is d e s t r o y e d  by t h e  0 l 6 ( d , ' ) N e  J 

16 

13 



Over the l a s t  3 x IG ;’:- 0:’ conpu ted  e v o l u t i o n ,  t he  c o n t r a 1  
8 0  

t e m p e r a t u r e  rises from -J -, 10’ Oh’ to -2.6 x 1 0  k’, c o r r o s =  

pond ing  t o  an  i n c r e a s e  i;- , r~vsraga thermal  e n e r g y  per par”YC10 

f rom 26 Kev. t o  34 Kev. 

l i n e a r l y  from xL N 0.08 to 11, fi 2.5 x IOo3 over t h i s  sane i n t e r v a l ,  

It i s  t h e r e f o r e  e x p e c t e d  :>;.e the  p r o d u c t i o n  of  n e u t r o n s  f o r  

r -  2 -  ;;.a1 h e l i u m  abundance  d r o p s  n e a r l y  

4 

s - p r o c e s s  s y n t h e s i s  may h%.:-~ ~ c c u r r e d  i n  t he  s t e l l a r  c o r e  d u r i n g  

t h i s  p e r i o d  v i a  the h’e , r e a c t i o n .  Ne2‘ has become 

ava i l ab le  v i a  the S18(d, _. - * z c t i o n .  The c o n v e r s i o n  of (9 

i n t o  &e2* i n  the convect l - . -z  2 3 r e  is c o m p l e t e  midway t h r o u g h  the 

22 “ 5  

c *  18 
c 

1.. . 

Core he l ium-burn ing  phase ( s e e  the c u r v e  X18 vs t i n  F i g u r e  2). 

Toward the end  of t h o  c v o l u t i o n a r y  c a l c u l a t i o n s ,  n e u t r i n o  

losses a t  the  cen te r ,  by e l e c t r o n - p o s i t r o n  pa i r  a n n i h i l a t i o n ,  

are b e g i n n i n g  t o  become important. Using the  low t e m p e r a t u r e  

a p p r o x i m a t i o n  t o  t he  neuc . - i r .o  loss r a t e  given by Fowler and Hoyle  

(1964), the n e u t r i n o  loss r a t e  a t  the c e n t e r  of  the  last model 

computed (Tc = 2.623 x 10’ OK, pc P 1.331 x 10 4 g m / c m  3 ) i s  

Lp2 = -1.05 x lo3 erg gm’lsec-’, compared t o  the r a t e  (& 

c grav)c = 1.39 x 10 

by n u c l e a r  and g r a v i t a t i o n a l  s o u r c e s  a t  the c e n t e r .  A l t h o u g h  

+ 
nuc  

4 erg gm’lsec’’ a t  w h i c h  e n e r g y  i s  s u p p l i e d  

. o n l y  a s m a l l  e r r o r  has been c o m m i t t e d  here by o m i t t i n g  the 

n e u t r i n o  loss r a t e  from c o n s i d e r a t i o n ,  t h i s  loss ra te  w i l l  

a s s u m e  a n o n - n e g l i g i b l e  impor t ance  d u r i n g  f u r t h e r  e v o l u t i o n .  
12 The a f fec t  o f  the u n c e r t a i n t y  i n  the  C ( d , f ) ~ I ’ ~  r e a c t i o n  

ra te  on  the e v o l u t i o n a r y  p a t h  o f  the 9Xo star has n o t  been 

14 



e x p l i c i t z l y  c a l c u l a t e d .  

burning phase, energy production by helium-burning r o l a t i v e  to 

energy production by hydrogen-burning i s  c o n s i d e r a b l y  larger i n  

the glia star than i n  the 9, star, 

that a reduct ion  i n  the average s u r f a c e  temperature of the 9Mg 

star during c o r e  helium-burning w i l l  be larger than that cal- 

c u l a t e d  i n  Paper I11 f o r  the 9, star, 

However, during  most  of the c o r e  holium- 

It is t h e r e f o r e  expected 
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FIGURE CAPTI3IUS 

Fig, - .  

1. 

2. 

3 .  

The path o f  a 9 Ma p o p u l a t i o n  I s tar  i n  the t h e o r e t i -  

cal  X e r t z s p r u n g - X u s s e l l  diagram. L u n i n o s i t y  L is in 

u n i t s  o f  3-86 x erg/sec and  s u r f a c e  t e m p e r a t u r e  

Te is i n  u n i t s  o f  d e g r e e s  Kelv in .  

7 The v a r i a t i o n  w i t h  t i m e  t ( u n i t s  of  1 0  y r )  of  l u m i n o s i t y  

(L), su r face  t e m p e r a t u r e  (T ), m a s s  f r a c t i o n  i n  the con- 
8 L.,. 

vect ive c o r e  ( B l c c ) ,  and c e n t r a l  abundance by m a s s  of 

0 u n i t  o f  s u r f a c e  t e rnne ra tu re  i s  K. To the l e f t  o f  t h e  

b r e a k  i n  t ,  v e r t i c a l  sca le  l i m i t s  c o r r e s p o n d  t o  3.65 6 

log(L) 4 4.275, 4.22 4 log(To) 

0.0 6 X 

b r e a k  i n  t ,  scale  limits c o r r e s p o n d  to 3.65 6 log(L),< 

< 4.42, 0 6 >ice < ( 1 0 / 9 ) ,  
/L X4 4- 1.0,  ando;o.*'&/,ybbo.oz, A O  the r i g h t  of t he  

" / 

7 The v a r i a t i o n  w i t h  t i m e  t ( u n i t s  of 1 0  y r ) ,  o f  r a d i u s  

( R ) ,  c e n t r a l  d e n s i t y  ( ) ,  c e n t r a l  t e m n e r a t u r e  (T 1, 

the r a t e  of e n e r g y  p r o d u c t i o n  i n  t he  hydrogen-burn ing  

she l l  (LT), and t h e  r a t e  of e n e r g y  i x o d u c t i o n  by h e l i u m -  

Pc C 

AI 

b u r n i n g  r e l a t i v e  t o  the r a t e  of: e n e r g y  p r o d u c t i o n  by 



f o r  r a d i u s ,  10 6 O K f o r  t e m p e r a t u r e ,  gin cm-3 f o r  

d e n s i t y ,  and La = 3 - 6 6  x e r g / s e c  f o r  LE. To 

the l e f t  o f  t h e  b reak  i n  t ,  s c a l e  l i m i t s  c o r r e s p o n d  

to -3 6 R 4 7, 6 6 
the r i g h t  o f  t h e  b reak  i n  t, 0 \ ( R  \c 2 5 0 ,  0.7 < log( 
6 4.7, 1.5 5 l o g ( T c ) b  2.5, 0 \cL 

& 16 ,  and 30 4 T c  < 40. To fc 
4 2 0 0 0 0 ,  and 

H 
I 

0 4- LHe/LH < 1.0. 

Fig .  4. The v a r i a t i o n  w i t h  mass f r a c t i o n  o f  s t a t e  and corn- 

p o s i t i o n  v a r i a b l e s  when t = 4.08470 x 10 5 yr. h 7 a r i a b l e s  

have t h e  s i g n i f i c a n c e  ( a n d  u n i t s ) :  P E p r e s s u r e  (10  *I 7 

K), p = d e n s i t y  (ern/ 

1, L = l u m i n o s i t y  (3.86 x 1033 e r g / s e c ) ,  R = r a d i u s  

2 dynes/cm 1, T = t e m p e r a t u r a  (10 

cm 3 

(6.96 x lo1’ cm),  Xi = abundance by mass of  B 1 (X,) He 3 (X ), 
3 16 c12(x 1, and o (Xr6). S c a l e  l i m i t s  c o r -  

12 
respond t o  0.0 4 P 60.455172, 0.0 4 T ,C 31.0141, 0 . 0 , C p  

4 10.3866, 0.0 6 L 6 k503.90, 0.0 5 R < 2.68854, 0.0 4 
L 

-6 Xs< 0.7080, 0.04 X < 4.174 x 10 , 0.0 6 X ,C3.61 x 
3 12 low3,  0.0 c x  6 6.030 x 10- 3 , and 0.0 G x16 1.080 

14 
x loo2. 

0.0020946 and t h e  s t e l l a r  r a d i u s  i s  R 

The mass f r a c t i o n  i n  t h e  s t a t i c  e n v e l o p e  i s  

= 3.44875 ilG. 
S 

Fig. 3 .  The v a r i a t i o n  with mass f r a c t i o n  of s t a t e  v a r i a b l e s  

when t = 2.19029 s 10 7 yr. Variables have t h e  saine 

‘ S i g n i f i c a n c e  a n d  physical u n i t s  a s  i n  F igure  4. S c a l e  5 

l i m i t s  c o r r e s p o n d  t o  0.0 6 P G 1.95056, 0.0 6 T C 47.2258, 
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562.6463, 0.0 ,6 L \c 10899.2, and 0.0 i? 8 < 
O o O  
4.46786. The mass f r a c t i o n  i n  t h e  s t a t i c  e n v e l o p e  

i s  0.0020946 and t h e  s t e l l a r  r a d i u s  is Rs = 6.02823 

Fig. 6 ,  The v a r i a t i o n  wi th  mass f r a c t i o n  of c o m p o s i t i o n  var iab les  

when t - 2.19029 x 107yr.  Variables  have the s a m e  

s i g n i f i c a n c e  and  p h y s i c a l  u n i t s  as i n  F i g u r e  4. Scale 

l i m i t s  a o r r e s p o n d  t o  0.9 &-XH <0.7080, 0.0 6 X 3  ,< 4.202 

10-5, 0.0 xI2 ~ 3 . 6 1  10-3, 0.0 dx ,C 1.443 x 
14 c... 

2 and 0.0 ,c X \. 1,080 I 10’ . Convec t ion  o c c u r s  16 
i n  two l a y e r s  bounded by inass f r a c t i o n  0.2059 \c 321 ,< 
0.2846 and 0.3217 \c M 60.3337. 

Y2 

7 Fig. 7. The v a r i a t i o n  w i t h  t i m e  t (10 yr) o f ’ c e n t r a l  d e n s i t y  

( 

of n u c l e a r  e n e r g y  p r o d u c t i o n  (L,), s te lLar  r a d i u s  (R), 

mass f r a c t i o n  i n  t h e  c o n v e c t i v e  c o r e  ( M  ) ,  m a s s  f r a c t i o r  5 

bounding  the major c o n v e c t i v e  l a y o r  ( M C O  and XcI) ,  mass 

f r a c t i o n  i n  the Convec t ive  e n v e l o p e  (A>+..) , and  abundan- 

c e s  by m a s s  of -Z(X,), o (x18), and c (x12). P h y s i c a l  

u n i t s  f o r  Tc, 

and. 3 .  L has “,e same u n i t s  as L. Scale l i m i t s  c o r -  

r e s p o n d  t o  1.25 < l o g (  ) \c 3 . 7 5 ,  1-34 6 l o g ( T  ) \c 2.34, 

3 - 6 7  < I.og(L), log iLn) < 4.17, 0 C RL. 250,  0 \q X 

) , c e n t r a l  t e m p e r a t u r e  (Tc 1 , l ~ m i n o s i t y  (L) , r a t s  
f c  

cc 

18 12 

L, and R are  the  same as i n  F i g u r e s  2 
f c *  

n 

p. C 

,C cc 

0.02, o,o,c X12* X1*& 0.1. 
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Fig. 8. Tho v a r i a t i o n  1: -::: :;.zss f r a c t i o n  or' s t a t e  2nd corn- 

p o s i t i o n  v a r i a r  -.:?en t = 2.21400 x 10 7 y r .  V a r i a b l o s  

.. have the same L: '.-::cacco and u n i t s  as  i n  Figure k .  

I n  addi t ion , '  X4 I; ;kc: abundance  by mass o f  He . 
Scale l i m i t s  c o i r o s ? o n d  to 0.0 ,< P < 309.461, 0.0 ,< T,C 

138,418, O.O,c  ,- < 3271.53, 0.0 6- L S17976 .4 ,  0.0 R S 

4 

175.125, 0.0,c ' '0.9757, a n d  0.0 \<Xl4. $1.440 x 

The m a s s  f r a c l -  :::e s t a t i c  e n v e l o p s  is 0.0329903 

and the s te l la ; .  ': is Rs = 219.673 Ram : ' ._. 

Fig. 9. The v a r i a t i o n  w i k k  ixzss f r a c t i o n  of  s t a t e  and c o n p o s i -  

t i o n  v a r i a b l e s  ::hen t = 2.27320 x 1 0  7 y r .  Var iab les  

have the s a m e  s i s n i f i c a n c e  and physical u n i t s  as  i n  

F i g u r e s  4 and 8. Scale l i m i t s  correspond t o  O.O+' P,C 

265.814, 0.0 ,< T_' 4. 2b7 .202 ,  0.0 6 p  S 2845.03, o.o,~ L,c 

11126.7, 0.0 4- 3. ,< 51.7129, a n d  0.0 \< X4 YC 0,9757. 

m a s s  f r a c t i o n  in the s t a t i c  envelope i s  0.0329903 and  

The 

the  s t e l l a r  r a d i u s  -is iis = 10S.940 Rg. 

Fig. 10. The v a r i a t i o n  w i t h  mass f r a c t i o n  o f  s ta te  and com- 

p o s i t i o n  v a r i a b l e s  when t = 2.62587 x l o 7  yr.  Variables  

have the s a m e  s i g n i f i c a n c e  and u n i t s  as i n  F i g u r e s  4 and 

18. Scale  8. The abundance  by m a s s  o f  0 i s  given by X 18 

l i m i t s  c o r r e s p o n d  t o  0.0 \, T 262.298, 0.0 \C J 13311.9, 

'0.0 \c L 1.653008, 0.0 R \. 1.0, 0.0 \F X4.V X12, X16 < l o o ,  
and 0.0 S X18 \c 0.02. 
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